ABSTRACT. In this paper, we provide a new criterion for the stable transitivity of volume preserving finite generated group on any compact Riemannian manifold. As one of our applications, we generalised a result of Dolgopyat and Krikorian in [8] and obtained stable transitivity for random rotations on the sphere in any dimension. As another application, we showed that for ∞ ≥ r ≥ 2, any C r volume preserving partially hyperbolic diffeomorphism g on any compact Riemannian manifold M having sufficiently Hölder stable or unstable distribution, for any sufficiently large integer K, for any
INTRODUCTION
Let (M, d M ) be a smooth d−dimensional compact Riemannian manifold endowed with the volume form µ given by the Riemannian metric. We denote by Homeo(M) ( resp. Homeo(M, µ) ) the set of ( resp. volume preserving ) homeomorphisms of M. For any r ∈ R ≥1 {∞}, we denote by Diff r (M) ( resp. Diff r (M, µ) ) the set of r−differentiable ( resp. volume preserving ) diffeomorphisms of M. Given an integer m ≥ 2 and m diffeomorphisms f 1 , · · · , f m ∈ Diff 1 (M), we are interested in the dynamics of the iterations of these m diffeomorphisms.
Following the definitions in the previous literatures, we have the following. DEFINITION 1. For any integer m ≥ 2, f 1 , · · · , f m ∈ Homeo(M), we say that
is an IFS (i.e. iterated function system). We say that { f i } m i=1 is transitive or equivalently, the semigroup generated by { f i } m i=1 acts transitively if there exists a point x ∈ M such that for any open set U ⊂ M, there exists an integer ℓ ≥ 1, and a finite word ω = ω 1 ω 2 · · · ω ℓ ∈ {1, · · · , m} ℓ such that f ω ℓ · · · f ω 1 
Date: July 13, 2018. 1 preserve a common invariant measure ν, we say that { f i } m i=1 is ergodic with respect to ν if any { f i } m i=1 −invariant Borel set A ⊂ M has ν−measure 0 or 1. Just as that any ergodic volume preserving homeomorphism on M is transitive,
is ergodic with respect to µ. A general paradigm in the study of iterations of multiple diffeomorphisms is that transitivity, or even ergodicity is fairly generic in the volume preserving setting. This paper is an attempt to address this issue. We will mainly focus on volume preserving IFS.
is said to be C r −stably transitive ( resp. C r −stably ergodic with respect to µ ) in Diff s (M, µ) if any IFS {g i } m i=1 ⊂ Diff s (M, µ) such that g i is sufficiently C r −close to f i for all 1 ≤ i ≤ m is transitive ( resp. ergodic with respect to µ ).
Precise conjectures are formulated in [8] , [10] . CONJECTURE 1 (in [8] 
CONJECTURE 2 (in [10]). For any r ∈ N {∞}, a C r generic pair of volume-preserving diffeomorphisms generates a transitive iterated function system.
It is straightforward to see that the transitivity ( resp. ergodicity ) of an IFS is implied by the transitivity ( resp. ergodicity ) of one of the maps in the IFS. The converse implication is however false : one can take two translations on T 2 , defined by f 1 (x, y) = (x + α, y), f 2 (x, y) = (x, y + β), with α, β rationally independent. Then both f 1 , f 2 are not transitive, while their product f 1 f 2 is ergodic with respect to the volume.
In both conjectures, we do not require the diffeomorphisms to be orientation preserving. When M is a circle with Lebesgue measure, the above conjectures are easy exercises. However, when M equals to any given surface, the above conjectures already require considerable new ideas ( see [10] ). To the best of the author's knowledge, Conjecture 1 is open for any manifold of dimension at least 2, and Conjecture 2 is open for any manifold of dimension at least 3.
In [8] , the authors showed that any IFS { f i } m i=1 consisted of C ∞ volume preserving diffeomorphisms of the d−dimensional sphere S d ( d ≥ 2 ) which are C r close to a set of topological generators of SO d+1 for r ≫ 1, can be simultanenously conjugate to rotations by a C ∞ −diffeomorphism, if there exists at least one stationary measure for { f i } m i=1 with vanishing Lyapunov exponents. As a consequence, they showed the following interesting stable ergodicity result. [8] Compared to Theorem 1, the proof of Theorem 2 is mostly by topological arguments. So far Conjecture 1, namely the density of stable ergodicity, is still unknown for surface diffemorphisms. We mention another line of research which focus on the classification of ergodic stationary measures for random dynamics. A recent breakthrough in this direction is obtained by Brown-Rodriguez Hertz in [5] , for random dynamics of C 2 surface diffeomorphisms.
Theorem 1 ( Corollary 2 in
Besides its intrinsic interest, one can find applications of IFS based arguments in the study of the stable ergodicity conjecture for partially hyperbolic systems, and the instability problem in Hamiltonian systems. We refer the readers to the discussions in [2, 8, 10, 12] .
The problem of C 1 generic transitivity is known even for a single diffeomorphism. More precisely, Bonatti and Crovisier in [4] showed that a C 1 generic conservative diffeomorphism ( in any dimension) is transitive. The analogous statement is false for C r with sufficiently large r by KAM theory. This indicates that the validity of the above conjectures would necessarily rely on features specific to multiple diffeomorphisms.
In this paper, we provide a criterion of transitivity ( Propositions 2 ) for multiple diffeomorphisms. As one application, we partially generalise the result in [8] to any dimension and obtain the following. 
The proof of Theorem 3 is built upon the works in [8] . The main technical result in [8] is a dichotomy, which asserts that under the condition of Theorem 3, either one can linearise the dynamics to rigid rotations, or there is a "uniform splitting "for the associated random dynamics ( the formal definition is in Definition 8). A similar dichotomy was obtain by Avila-Viana [3] for "smooth cocycles "over hyperbolic homeomorphisms, such as the shift map on {1, · · · , m} Z ( see Example 2.1 in [3] ). As an application of the main result in [3] 
, volume preserving or not, has vanishing Lyapunov exponents for a stationary measure only if such stationary measure is a common invariant measure for
. However the presence of positive Lyapunov exponents does not in general imply the existence of a uniform splitting, such as the one defined in this paper. In the case of Theorem 3, such uniform splitting is obtained as a consequence of the "rapidly mixing "of the joint actions of random rotations on S d , d ≥ 2. We refer the readers to [8] Section 4 and [7] for more on rapidly mixing dynamics.
In [8] , the authors exploited the above uniform splitting in even dimensions, in which case there is no zero Lyapunov exponent. By using a Hopf-type argument, they conclude ergodicity. While in odd dimensions, the possibility of having a zero Lyapunov exponent prevented the use of such Hopf-type argument. The main technical result in our paper shows that such a uniform splitting ( regardless of the dimension ) always imply transitivity.
We note that our criterion is C 1 −robust in the presence of some additional structure called uniformly dominated splitting ( Definition 5 ). As an application, we verify a weaker version of Conjecture 2 in certain subspaces of tuples of multiple diffeomorphisms. 
We note that in Theorem 4, we fix the map g and consider a generic L−tuple
However, if the splitting in Theorem 4, TM = E 1 ⊕ E 2 , is strongly pinched ( see Definition 7 ), the condition in Theorem 4 for g is preserved under C 1 small perturbation. For the formal statement, see Corollary A.
Theorem 4 is consistent with Pugh-Shub's stable ergodicity conjecture which asserts that ergodicity holds in a C 2 open and dense subset of the space of C 2 volume preserving partially hyperbolic diffeomorphisms. In fact, the validity of stable ergodicity conjecture would imply Theorem 4 for r = 2 and K = 1, even without the Hölder condition.
In both Theorem 3, 4, we can conclude, in loose terms, "topological "ergodicity, where we replace the measurable sets in the definition of ergodicity by closed sets. Unfortunately, this extra requirement is indispensable for our method. That is why we fall short of proving ergodicity. Our results would imply ergodicity if we know that any ergodic invariant measure has open basin. However, this seems to be difficult to check under generic conditions. For dissipative systems, one can sometimes conclude ergodicity through studying the topological properties of the basins of ergodic measures. We refer the readers to [6] for a stable ergodicity result using similar ideas.
1.1. Plan of the paper. In Section 2, we introduce basic notations and results needed for later sections. In this section the main tool is Theorem 5 that establishs properties of Lyapunov exponents for random dynamics. Section 3 contains our main technical result. We introduce a certain uniform splitting for random dynamics defined in Subsection 3.1 and state our main criterion Proposition 2. We give a uniform lower bound for the stable manifolds in Subsection 3.2, then in Subsection 3.3 we relate transitivity to this lower bound. In Section 4 we show how to check the conditions in our criterion. We prove our main theorems in Section 5.
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PRELIMINARY
In this section, we will recall some basic notions and results in the study of the dynamics of multiple diffeomorphisms which are relevant to our results. 
Let Ω = {1, · · · , m} Z and denote by P the Bernoulli distribution on Ω with uniform distribution on {1, · · · , m}, i.e.
P(ω|ω
To simply the notations, for any function ϕ ∈ L 1 (Ω, dP), we denote by
Denote the shift map on Ω by
and the suspension map on Ω × M by
In the following, we will focus on the case where { f i } preserve the volume form µ. In this case, it is clear that the measure P × µ is T−invariant.
Similar to the study of deterministic dynamics i.e. iterations of a single diffeomorphism, we can also define Lyapunov exponents for random dynamics. Both the statement and the proof of the following theorem is similar to that of the wellknown Oseledec's theorem.
and numbers
then for every two non-empty disjoint subsets P, Q ⊂ {1, · · · , d} we have
where E P and E Q denote the subspaces of T x M spanned by the vectors {ξ i } i∈P and {ξ i } i∈Q respectively. REMARK 1. In Theorem 3.2 [11] , the author considered the non-invertible map defined on {1, · · · , m} N × M and got a filtration of subspaces. Here we consider an invertible map and get a splitting.
We call the numbers λ (1) (x), · · · , λ (γ(x)) (x) the Lyapunov exponents at x. Now we recall some facts about stable and unstable manifolds of random dynamical systems. We follow the presentations in [8] . More detailed informations can be found in [11] , Chapter III.
Given 
is a k−dimensional submanifold for any x ∈ K, and depends continuously on x ∈ K.
Let V 1 , V 2 be two open submanifolds of dimension d − k which are uniformly transverse to the lamination {W s
When V 1 , V 2 are sufficiently close, U is nonempty. In this case, the holonomy map along the stable leaves p : U → V 2 is defined as p(x) = the unique intersection between W s ω (x, ̺) and V 2 , ∀x ∈ U . Any such p is absolutely continuous in the sense that for any A ⊂ U with Vol U (A) = 0, we have Vol V 2 (p(A)) = 0. Here Vol U and Vol V 2 are respectively the volumes on U and V 2 .
2.2. Dominated splitting and pinching condition.
We denote p ℓ : Gr(M, ℓ) → M the canonical projection. An element of Gr(M, ℓ) will be denoted by (x, E) for some x ∈ M and E ∈ Gr(T x M, ℓ). We fix an arbitrary smooth Riemannian metric on Gr(M, ℓ).
For any (x, E) ∈ Gr(M, ℓ), the tangent space of Gr(M, ℓ) at (x, E) can be identified with
It is direct to see that G( f ) is C r−1 . 
We will briefly denote G(V)(x, E) by 
The above definition includes any partially hyperbolic diffeomorphism, defined as follows. 
and we have
It is clear that any partially hyperbolic diffeomorphisms has a non-trivial uniformly dominated splitting given by
The lower bound for the Hölder exponents of E 1 ,E 2 in Theorem 4 will be used in an essential way. In fact, for any C 2 diffeomorphism f with a dominated splitting TM = E 1 ⊕ E 2 , both E 1 (x), E 2 (x) are Hölder continuous in x. This follows from Hölder section theorem (3.8) in [9] .
The following notion of pinching for diffeomorphisms with a dominated splitting allows us to verify numerically the needed Hölder regularity in Theorem 4. DEFINITION 7 ( Pinching for uniformly dominated splittings ). Let θ ∈ (0, 1). A diffeomorphisms f : M → M having a non-trivial uniformly dominated splitting TM = E 1 ⊕ E 2 is said to be θ−pinched if the following holds. There exist constants (χ 1 ,χ 1 ) satisfying (2.7), (2.8) andχ u ,χ s > 0 such that
The pinching condition is commonly used in the study of partially hyperbolic systems. For example, Theorem A in [14] says that θ−pinching implies that the s, u−holonomy maps for a C 2 partially hyperbolic diffeomorphism are θ−Hölder. What we need from the pinching condition for dominated splitting is the following much weaker statement that can be proved via the standard Hölder section theorem in [9] . We omit the proof of the following proposition for it is well-known, see for example [9] , chapter 3, (3.8). 
Here for any linear subspace of T x M denoted by G, we define U(G) to be the set of unit vectors in G; for any v ∈ T x M, we denote by P G (v) the orthogonal projection of v to G.
In loose terms, C(x, E, n) describes the weakest contraction rate in the directions transverse to E for a typical iteration of length n starting from x; D(x, E, n) describes the strongest contraction ( or the weakest expansion ) in E for a typical iteration of length n starting from x.
The following is the main result of this section. 
is transitive. The proof of Proposition 2 is divided into two parts, contained in the next two Subsections. We will give the proof of Proposition 2 at the end of Subsection 3.3.
3.2. Stable manifolds with uniformly lower bounded size. LEMMA 
For any integers n
Proof. The proof is similar to that of Lemma 4 in [8] .
By our hypothesis, we have
Then by e x = 1 + x + O(x 2 ) when x ∈ (−1, 1), for small σ > 0 ( depending on n 0 and
Then by (3.1), when σ > 0 is sufficiently small, we have
By submultiplicativity, for each integer k > 0 we have
Then for some large constant C 1 , for all n ∈ N we have
This proves the first inequality. The second inequality follows from a similar argument.
In order to state our main proposition properly, we will have to quantify transversality between linear subspaces and curves on the manifold. DEFINITION 9. Given any x ∈ M, for any real numbers l, ρ > 0 , a C 1 curve S ⊂ M through x is said to be (l, ρ)− good if the following holds:
(1) 10(l + lρ) is smaller than the injectivity radius of M and there exists a C 1 function ψ : T x S(l) → (T x S) ⊥ , such that exp x (graph(ψ)) ⊂ S, where T x S(l) denotes the interval of radius l centered at the origin of T x S;
(2) ψ(0) = 0 and ψ C 1 < ρ.
Given any x ∈ M, any hyperplane E ⊂ T x M, for any l, ρ, α > 0, a C 1 curve S ⊂ M through x is said to be (l, ρ, α)−regular with respect to E if S is (l, ρ)−good and :
(3) The angle between T x S and E is not less than α. We say that a subset D ⊂ M containing x is (l, ρ, α)−regular with respect to E if there exists a C 1 curve S ⊂ D that contains x, and is (l, ρ, θ)−regular with respect to E.
The following proposition gives a useful property of a uniform IFS. 
that for all x in a co-null subset of M, for any hyperplane E ⊂ T x M, we have
Proof.
By applying Lemma 1 and Borel-Cantelli lemma, we see that: for all (ω, x) in a co-null set in Λ 0 , the Lyapunov exponents are not all zero. Without loss of generality, we can assume that W s ω (x) are C 1 −manifolds for all (ω, x) ∈ Λ 0 . We claim that we can give a lower bound for the regularity of these stable manifolds uniformly in (x, E) ∈ Gr(M, d − b) for x in a co-null set. For this purpose, we first establish some a priori estimates. 
e.(ω, x).
Proof. Assume to the contrary that there exists a positive measure set M 0 ⊂ M such that for every x ∈ M 0 , P − a.e.ω satisfy that (ω, x) ∈ Λ 0 , and there exists a subspace
By the choice of q, let
It is easy to choose a basis of V ′ + E, denoted by ξ 1 , · · · , ξ ℓ for some integer 1 ≤ ℓ < d, and vectors ξ ℓ+1 , · · · , ξ d , such that ξ 1 , · · · , ξ d form a basis of T x M, and satisfies that for each 1 ≤ i ≤ γ(x), the number of indexes j satisfying (2.1) equals to dim V i (ω, x). Let u = ξ r+1 . By Theorem 5 (2), we have
Denote by Ω 0 the set of events ω simultaneously realising (3.3) for some v ∈ E, and (3.5) for some u / ∈ E. Then we have
Moreover for any ω ∈ Ω 0 , we have lim inf
Claim. We have P(Ω 0 ) = 0.
Proof. Assume to the contrary that P(Ω
. Then for all sufficiently large n, the following event of ω has probability at least
Combined with Lemma 1 and Cauchy's inequality, we obtain for all sufficiently large n that
By letting n tend to infinity, we obtain a contradiction. This proves our claim.
We obtain a contradiction by the above claim and (3.6). This concludes the proof.
By Lemma 2, we see that for x in a co-null set in M, for any
Now we show that with large probability, the stable manifolds at x form good angles with any given (d − b)−dimensional subspace. LEMMA 
There exist constants C 0 , β such that for all x in a co-null set in M, for any
Proof. The proof of this lemma follows exactly that of Corollary 4(b) in [8] . The push-forward of any graph of linear map from E to E ⊥ under D f n ω gets exponentially close to that of E with large probability. By combining this with Lemma 2, this shows that E forms small angle with V − (ω, x) with small probability. We refer the readers to [8] for details.
] is given by Lemma 2. By definition, it is clear that T x M is the direct sum of V − (ω, x) and V + (ω, x). It is a standard fact that V − (ω, x) depends only ω 0 , ω 1 , · · · and x; V + (ω, x) depends only ω −1 , ω −2 , · · · and x. Now we define "Pesin events "as follows. Take any constantsκ 1 ,κ 2 such that κ 1 > 0 and κ 2 <κ 2 <κ 1 < κ 1 . We set ǫ 0 = 1 10 min(κ 2 − κ 2 , κ 1 −κ 1 ). For any constants C, ǫ > 0, set
We can give lower bounds for the probabilities of Pesin events. The following is the analogue to Corollary 4(a),(c) of [8] . 
Proof. By Lemma 3 and the fact that
Summing up over k ≥ 1, we see that the probability of the events that violate the last condition in the definition of ∆ C,ǫ can be made arbitrarily small by making C large.
For each k and j ≥ 1, for each event ω that violates the first condition for
Indeed, assume the first case fails, that is,
The second case is then verified for v =
.
Choose ǫ = 2ǫ 0 and j ≥ n 0 . By Lemma 1, the probabilities of the events in 
By Lemma 1 for E = V + (T k−j (ω, x) ), we see that the probabilities of the events that violate the second condition for k, j are bounded by C 2 C −σ e −σ(j+k)ǫ . Then by the same reasoning, we can make the probability of violating the second condition arbitrarily small by making C large. This proves the lemma. Now by the construction of stable manifolds in the theory of non-uniformly partially hyperbolic systems, we get the following lemma. 
Proof. This is a consequence of Theorem 2.1.1 in [13] . Now Proposition 3 follows from Lemma 3, 4 and 5.
A criterion for metric transitivity.
The following proposition is at the core of this section. Take an arbitrary y ∈ M \ Γ that is within distance ̺ in to Γ ( here ̺ in is the injectivity radius of M ), there exists
We define the sphere
Let E ⊂ T x M be the hyperplane tangent to Z at x. Then there exists an open neighbourhood of x, denoted by U, such that : for any z ∈ U, any curve C through z that is (l, ρ, θ)− regular with respect to the hyperplane E ′ ⊂ T z M, where E ′ is obtained from E through a local parallel translation, we have C Γ c = ∅ ( Since some point in C has distance to y smaller than d M (x, y)).
Since f i preserves µ for all 1 ≤ i ≤ m, we know that for P − a.e. ω, the local stable manifold W s ω,loc (x) is defined for µ − a.e. x, and depends measurably on x. By Lusin's theorem and the absolute continuity of the stable lamination, we can find a set Ω 0 ⊂ Ω such that 1. P(Ω 0 ) > 9 10 ;
2. For each ω ∈ Ω 0 , there exists Γ ω ⊂ Γ, such that :
restricted to Γ ω Γ k is an absolutely continous lamination. Here Γ k is defined in (2.3). We claim that there exists z ∈ Γ U such that
By Fubini's theorem, there exists z ∈ Γ U that satisfies (3.8) .
From the hypothesis of the proposition, we can assume without loss of generality that
where E ′ ⊂ T z M is obtained from E through a local parallel translation. Then by (3.9),
By the choice of U, we see that
By (2.IV), we can assume that z ∈ Γ ω Γ k for some 1
By the absolute continuity of the lamination W s ω,loc , there exists a set Q 0 ⊂ Q of positive submanifold volume such that any w ∈ Q 0 belongs to W s ω,loc (z ′ ) for some z ′ ∈ V ω Γ ω Γ k . The same is true for all submanifold Q ′ sufficiently close to Q, that is, there exists a set Q ′ 0 ⊂ Q ′ of positive submanifold volume such that any .e. (ω, w) , the trajectory { f n ω (w)} n∈N accumulates at w. Then there exist
We are now ready to prove Proposition 2.
Proof of Proposition 2 : By combining Proposition 3 and 4.
TRANSVERSALITY AND GROWTH
In this section, we show how to verify conditions in Proposition 2 under the presence of a uniformly dominated splitting. The content of this section is only used to prove Theorem 4.
Recall that M is a smooth compact Riemannian manifold of dimension d.
is η−nontransverse to P if the following holds: for any 
Proof. By (2.7) and (2.8) in Definition 5, we have
We set
By η−nontransverse hypothesis and the compactness of M, there exists a constant τ > 0 such that for any
We claim that there exists C τ > 0 such that for any
Indeed, there exists a unique pair (u 1 ,
We obtain (4.4) for
where K is a large integer whose value will be determined depending solely on η, ξ, C τ and g.
Given
For any infinite sequence ω = (i k ) k∈N ∈ {1, · · · , L} N , any n ≥ 1, we denote
To show that for some K > 0, the IFS associated with {g
We will detail the proof of the first inequality, the second one with κ 2 = −K(χ 1 − 1 3 ξ) follows from a similar argument. We clearly have κ 1 > 0 and κ 2 < κ 1 .
By conditioning on the first n−iterations, the inequality (4.6) is reduced to the following : there exists K 0 > 0, such that for any
, the following is true : J := E(log sup
For any
Then by (4.5), (4.9) and the fact that f n
but not on ω n+1 , we have
By the hypothesis that the set of diffeomorphisms {h 1 
Thus by (4.12), (4.11), (4.10) for any , thus
By letting K 0 to be sufficiently large depending onχ 1 ,χ 1 , C τ , A, for any K ≥ K 0 , we get (4.8) for
This completes the proof.
PROOF OF THE MAIN THEOREMS

Proof of Theorem 3 :
In the proof of [8] Section 10, Corollary 4, the authors showed that under the hypothesis of Theorem 3, either { f α } is (n 0 , κ 1 , κ 2 )−uniform for some n 0 , κ 1 > 0, κ 2 ∈ (−∞, κ 1 ), in which case the transitivity follows from Proposition 2; or { f α } α are simultaneously conjugate to rotations close to the original ones, in which case we have ergodicity ( see [8] ), and hence transitivity. We set Without loss of generality, we assume that the map x → E 1 (x) is θ−Hölder, for otherwise we can consider g −1 instead of g.
By Proposition 2, it suffices to show that there exists an integer
is η−nontransverse, where η is any constant given by Proposition 5 with g given by the theorem. To prove this, we first construct a finite set of divergencefree vector fields {V α } α∈A on M such that the following is true. There exists a constant κ > 0, such that for any (x, E) ∈ Gr(M, ℓ), there exists a subset {α 1 
We denote by H
Recall that Ψ is defined in Definition 4.
By definition, we know that
is η−nontransverse. For any (x, E) ∈ Gr(M, ℓ), we can construct a map as follows.
Here D 1 denotes the unit disk in R L|A| .
Take any (y, F) ∈ Gr(M, ℓ), for any 1 ≤ i ≤ L, let {α We define the following subsets of Gr(M, ℓ) and Gr(M, ℓ) L .
Σ 0 = {(x, E) ∈ Gr(M, ℓ)|E is not transverse to E 1 (x)},
Then for any B ∈ D, { f i (B, ·)} L i=1 is η−nontransverse if and only if Φ x,E (B) / ∈ Σ, ∀(x, E) ∈ Gr(M, ℓ). (5.4) Let β > 0 and let δ > 0 be a sufficiently small real number, we let N δ be a δ 1+β −net in Gr(M, ℓ). Then we have N δ < δ −d ℓ (1+β)−β for sufficiently small δ. We set
−1 (Σ δ )), (5.5) where Σ δ is the δ−neighbourhood of Σ in Gr(M, ℓ) L . We claim that for any sufficiently large L and any sufficiently small β the following holds:
(1) The measure of Ω δ tends to 0 as δ tends to 0; (2) For any sufficiently small δ, any B ∈ D \ Ω δ , we have (5.4). This will conclude the proof since for any ε > 0, by taking δ > 0 sufficiently small, we can find B ∈ D \ Ω δ such that d C r ( f i (B, ·), f i ) < ε for all 1 ≤ i ≤ L. By To see (1), we first show the following lemma. This concludes the proof of (2), and thus concludes the proof of Theorem 4.
